We attempt a unification of the Quantum and the Statistical Mechanics of a single spinless particle. We consider a five dimensional (5D) space-time with no matter. We postulate that all the physical information on a 5D massless particle propagation is provided by the statistics over null paths in this 5D space-time. If the 5D metric does not depend on the fifth space-like coordinate, then the propagation problem can be reduced to 4D by foliation along the fifth coordinate, and we obtain a formulation of Quantum Mechanics. If the 5D metric does not depend on time, we foliate along the time coordinate, and obtain a formulation of Statistical Mechanics. If the 5D metric is independent on both time and the fifth coordinate, then Quantum Mechanics and Statistical Mechanics are pictures of the same 5D reality.
Introduction
In 1948 Feynman introduced the formalism of path integrals as a space-time approach to physics [1, 2, 3] . He made a deep connection between Quantum and Statistical Mechanics reformulating them both in the same language of path integrals. In this paper, we attempt to deepen this connection in the context of a five dimensional (5D) physical space-time.
A recent interpretation of the fifth dimension in the context of a noncompactified geometry, proposed by Seahra and Wesson [4] , relates the fifth dimension to mass in an indirect way. Seahra and Wesson note that the 4D relativistic relation p µ p µ = m 2 c 2 (µ = 0, 1, 2, 3), which provides the square norm of the 4-momentum, can be interpreted as p A p A = 0 (A = 0, 1, 2, 3, 5) in five dimensions. They propose that the fifth component of the 5-momentum p A of a massless 5D particle be interpreted as the mass of a 4D particle with 4-momentum p µ (given by the other components of p A ). Seahra and Wesson also show that the 5D null geodesics can be viewed as time-like geodesics in four dimensions.
A useful idea in our work is the distinction between active, pasive and inertial mass [5] . In short, active mass is the source of gravitational field and passive mass is the object the gravitational field acts upon. We adopt the Equivalence Principle of General Relativity which identifies the inertial and the passive mass. The equivalence between the passive and the active mass is required by the Action-Reaction Principle of the Newtonian Mechanics. In General Relativity, we may consider the active and the passive mass as distinct concepts, whose comparison is not necessarily meaningful [6] .
In this work, we extend the physical interpretation of the noncompactified 5D geometry due to Seahra and Wesson [4] . We consider that the physical reality is essentially 5D. We believe that our impossibility to perceive the fifth dimension as a proper space-like dimension is set by our biological structure. It is the specifics of our human senses that has led us to conclude that the world is (3+1)D. A different species, having sideways eyes, and missing the perception of depth, would argue that the world is (2+1)D. They would also have a very different theoretical physics. The consequences of the existence of a fifth dimension are all around us, we just perceive them very differently from the so familiar 4D. No question that our world is how we see it, but it is also quite different for organisms with different perception. The validity of these ideas is ultimately impossible to establish. "We are the observers of the universe.", proposes the Anthropic Principle [7] . It might be malposed to ask whether our perception needs further interpretation. Physics can be thought as 4D. Rather than concerning with the validation of the above ideas, we will focus on their use for understanding and unifying 4D physical concepts.
We consider the situation where a spinless and massless quantum particle propagates in a 5D curved space-time, and discuss how such a 5D particle, called a 5D photon, is perceived by a 4D observer. We can shortly formulate the setup of this problem in the following way. Consider a 5D space-time with fixed metric. A zero rest mass particle is created at a point 1 of this space-time, and then annihilated at a point 2 in the future cone of 1. We assume that the existence of this particle does not alter the space-time geometry. Maximal information on the particle's propagation is obtained from the number of all null paths between points 1 and 2. We call this setup 5D Quantum Optics. We assume that, as 4D observers, we break 5D covariance when measuring a 5D photon, and we assign it a 4D physical picture.
We proceed with presenting the general case of the 5D Quantum Optics (Sec. 2). In Section 3, we introduce the particular situation where the 5D metric is independent of the fifth space-like coordinate. We first shortly discuss the field equations. Then, in Sec. 3.1, we show that the 5D null path integral is equivalent to a 4D path integral over time-like paths with specified length. Thus, we construct a microcanonical ensemble for our 4D Quantum Mechanics from the microcanonical ensemble of the 5D Quantum Optics. In Sec. 3.2 we introduce the corresponding 4D canonical ensemble. Then, we make the connection between the nonrelativistic limit our formulation of Quantum Mechanics and Feynman's.
The idea of introducing the microcanonical and canonical ensembles for Quantum Mechanics is not new. They were previously introduced by Brody and Hughston [8] in their successful attempt to present a geometrical picture of Quantum Mechanics based on the quantum phase space. Our formulation of the ensembles for Quantum Mechanics is based on the space-time geometry, and it is different from that of Brody and Hughston.
In Sec. 4, we investigate another particular case of the 5D Quantum Optics which we interpret as a formulation of Statistical Mechanics. The state of thermal equilibrium implies that macroscopic observables do not change in time. Presumably, this can be achieved for a 5D metric which is time-independent. In this case, we reformulate the 5D Quantum Optics as a Statistical Mechanics for a single spinless particle which belongs to an ensemble of non-interacting particles. It seems unavoidable that our path integral formulation of Statistical Mechanics needs the Ergodic Principle in order to establish relations with experiment. Also, our Statistical Mechanics describes only ensembles of discernable particles, unless corrections are introduced 'by hand'. If the 5D metric is independent of both time and the fifth coordinate, Quantum and Statistical Mechanics make different pictures of the same 5D reality. We believe that the difference between these two branches of physics is given only by our different ways of perceiving the same 5D physical reality.
In Sec. 5, we present how the Klein-Gordon equation appears from the 5D formalism. Section 6 discusses the main aspects of the 5D Special Relativity, and makes further connections with traditional 4D physics. In Sec. 7 we discuss the foliation along a proper space dimension (i.e., x 3 ) and then conclude our work. The presentation throughout this paper has no attempt to mathematical rigor. Although the theory would be covariant, this formalism (involving path integrals) fails to express it explicitly.
5D Quantum Optics
We consider a 5D space-time with metric h AB , (A, B, ... = 0, 1, 2, 3, 5) having the signature diag(−1, 1, 1, 1, 1). [9] ). Consider a 5D massless particle propagation between two measurement events 1 and 2 (with 2 in the future cone of 1) in the 5D space-time. We postulate that all physical information about the particle propagation can be obtained from the number of all null paths between 1 and 2 R(2, 1) = all null paths between 1 and 2 1 ≡ all null paths between 1 and 2
R(2, 1) assumes equal probability of realization for every 5D null path between 1 and 2, and will be treated like a microcanonical sum [10] . We notice that R(2, 1) is positively defined and conformally invariant. It also satisfies the following selfconsistency relation which results from its geometrical meaning [11] 
By d 5 x (3) |h|, we denote the volume integration over all points 3 which are in the future cone of 1 and in the past cone of 2. The points 1 and 2 would be special observable events of creation and annihilation of a particle, but in this theory we will not request them to be geometrical elements in space-time for the simplicity of the 5D geometry. If the points 1 and 2 have no geometrical meaning, R(2, 1) is not invariant to an arbitrary change of coordinates.
We conjecture that the classical limit of the 5D massless particle trajectories are 5D null geodesics.
Quantum Mechanics
We assume that h AB does not depend on x 5 . In this situation, we foliate the 5D space-time along the fifth coordinate. That is, we see the static 5D space-time as a 4D space-time evolving in the fifth coordinate [12] 
. N is the lapse, and N µ is the shift of the 4D foliation. In matrix form, we have
With the notation
we get the so-called Kaluza-Klein parameterization of the 5D metric
The field equations for this parameterization of the x 5 -independent metric, and some of their exact solutions can be found in Ref. [13] .
From our subsequent results, the physical 4D metric providing the trajectories of particles is not g µν , butg µν = g µν /Φ
2 . Anticipating this, we will be interested to see how the field equations look under the aforementioned 4D conformal transformation. Straightforward calculations (see Appendix A) yield
µν is the Ricci tensor of the metricg µν ,F µν = ∂ µ A ν − ∂ ν A µ , and
Equations (2) represent the Einstein and the Maxwell equations in an interpretation of induced matter [14] . The empty 5D space-time seems to contain active matter when it is given 4D physical meaning. A µ , which so far was just an abstract field proportional to the shift of the 4D foliation, becomes now the electromagnetic field on a 4D manifold with metricg µν . In Sec. 3.2 we will use the equations of particle propagation to interpret the parameter q as specific electrical charge. Under the 4D conformal transformation, the sources of gravitational field completely separate into electromagnetic sources and Φ-sources; this is not the case for the untransformed field equations (see [13] ).T Φ µν depends exclusively on Φ and g µν , it is independent of A µ , and characterizes the distribution of active matter in the universe. However, it is not obvious to us how one would measure the components ofT Φ µν . Quite possibly, the Newton's constant G, which does not appear as a fundamental constant in our theory, plays an important role for such experiments.
The fact that we don't restrict the transformations of coordinates to be cylindrical, makes possible to mix the gravitational and the electromagnetic fields by a noncylindrical transformation. As seen from (2) , no transformation of coordinates in the 4D manifold with metricg µν would mix these fields. It is not obvious how one would do a noncylindrical transformation in practice, since it essentially involves perceiving five dimensions. Such transformations do not belong to the traditional 4D General Relativity.
We now give 4D physical interpretation to the sum over 5D null paths introduced in Sec. 2. This interpretation breaks 5D covariance and will not hold if all possible transformations of coordinates are applied. Thus, we restrict to cylindrical transformations of coordinates [i.e., y µ = y µ (x ν ), and y 5 = y 5 (x 5 )] when we discuss in the terms of this interpretation. We consider the null path element in 5D
and solve for dx
If dx 5 = 0 and q = 0 (q has physical meaning of specific charge; see Sec. 3.2), Eq. (4) yields 4D null paths describing 4D photons.
Ifg µν and A µ are independent of x 5 , integrating (4) between two events 1 and 2 of the 5D space-time yields
Notice that 5D covariance is lost in (5) . The RHS of (5) belongs exclusively to a 4D space-time manifold for which we define the infinitesimal time-like distance as
The LHS of (5) is a constant that depends only on the initial and final points of the particle propagation. Therefore, counting null paths between events 1 and 2 in the 5D manifold is equivalent in this case with counting 4D time-like paths of length D 21 ± = ∆x 5 between the 4D projections 1 4 and 2 4 of the 5D events 1 and 2, respectively.
Microcanonical Ensemble of Quantum Mechanics
The 5D null path integral R(2, 1) is equivalent to the following 4D path integral over time-like paths with length D = ∆x 
is positively defined and satisfies a selfconsistency relation resulting from its geometrical meaning
Event 2 4 must be in the future cone of 1 4 . By 3 4 we denoted any intermediary 4D event which is in the future cone of 1 4 and in the past cone of 2 4 . By the notation d 4 x (3) we understand integrating over the set of all points 3 4 satisfying the aforementioned condition. We postulate that the distance along a path between 1 4 and 2 4 in a future cone is minus the distance along the same path between 2 4 and 1 4 in a past cone
This postulate is not relevant if we consider only paths in future cones or only paths in past cones, but, as we will see in Sec. 3.2, it proves essential for this formalism. We call a 4D loop made from one path in future cone and another in past cone a quantum event; see Fig. 1 . The microcanonical sum over quantum events,
, is invariant to gauge transformations of A µ (see Sec. 3.2).
Canonical Ensemble of Quantum Mechanics
Not only that path integrals are hard to calculate, but constrained path integrals must be even harder. We eliminate the constraint in R ± (D, 2 4 , 1 4 ) by a Fourier transform with respect to D
This Fourier transform is justified by the translation symmetry of the 5D space-time manifold along the fifth coordinate. Writing D
21
± explicitly [see (5)] yields
K ± provides a complete quantum description of a 5D particle propagation, as seen in four dimensions. Performing a Fourier transformation in both hands of Eq. (6) yields a selfconsistency relation for K ±
We now proceed to compare the nonrelativistic limit of this path integral formulation of Quantum Mechanics to that proposed by Feynman [1, 2] . For doing so, we assume that our 5D manifold has the topology of the flat space-time, and that x A are pseudocartesian coordinates (i.e., all coordinates x A take values on the whole real axis). Also, we consider that the metricg µν describes a weak gravitational field
where 2V /(mc 2 ) ≪ 1, V corresponding to the Newtonian gravitational potential (V ∝ m). We expand the nonrelativistic limit of
, and only keep the first order
where c t ≡ x 0 . If we choose λ to be the Compton wavelength of a particle with (passive) mass m (i.e.,
where by S(m, mq) we denote the traditional nonrelativistic mechanical action of a particle with mass m and electrical charge mq. This identification gives physical meaning to our abstract formalism. Thus, λ −1 is essentially the passive rest mass of a 4D particle [15] , and q is the particle's specific electrical charge. D + (i.e., ∆x 5 ) is essentially the particle's mechanical action and conjugated by Fourier transform to λ −1 . Similar calculations yield
Thus, if we say that D + λ −1 describes a particle propagating forward in time, then
describes an antiparticle propagating backwards in time. Note that D − λ −1 can also be written as
, and interpreted as describing a particle with mass −m and charge mq propagating forward in time.
We now recognize that the nonrelativistic limit of K * ± (* is symbol for complex conjugation) is proportional to a Feynman path integral. We can show, following the same steps as Feynman [1, 2] , that the nonrelativistic limit of K * ± is the propagator of a Schrödinger equation
We point out that this Schrödinger equation results form the metricg µν , and not from the original 4D metric g µν . The only fields observable by the propagation of a 4D quantum particle areg µν and A µ . Φ( − → x , t) is a scalar field unobservable in Quantum and Classical Mechanics.
We now resume the analysis of the relativistic theory. Consider a gauge transformation of A ρ which must not change the observables of the canonical ensemble
From (8), this gauge transformation implies a local
Equivalently, we can write a 5D noncylindrical coordinate transformation such that the transformed 5D metric contains the gauge transformed electromagnetic field A 
Thus, the actions of the gauge transformation of A ρ , of the local U (1) transformation, and of the noncylindrical change of coordinates (10) on K ± are equivalent. In general, D
21
± is not gauge invariant, but can be made gauge invariant if the 5D events 1 and 2 have the same 4D projection (i.e., 1 4 = 2 4 ). In particular, D
± is gauge invariant if its integration path is a quantum event. Thus, the canonical sum over quantum events is gauge invariant, and can be written as [16]
or using (7),
The quantum kernel (or the propagator) K ± (λ −1 , 1 4 , 1 4 ) from one point of the 4D space-time to itself is normalizable to 1. Equation (11) represents a formula for the quantum probability, and stands at the very core of Quantum Mechanics. It can be further generalized for wavefunctions. The generalization is rather straightforward, and we will not present it here. See Feynman [1, 2] for a discussion on how to construct mathematical formulae holding for wavefunctions when formulae for the quantum kernel are provided.
We now proceed to discuss shortly the classical limit of the path integral formulation in the canonical ensemble. The most substantial contribution to the canonical sum over paths is given by the paths with stationary length. Such paths are the trajectories of Classical Mechanics satisfying Hamilton's Principle
We consider D ± to be the action of a particle propagating on a 4D manifold with the metricg µν . A suitable choice of parametrization for the 5D null geodesics as observed in four dimensions is
With this parametrization, the Euler-Lagrange equations turn out to bė
which are the expected classical equations of motion of a massive particle with specific charge q, in gravitational and electromagnetic fields. If we rewrite (3) as
then (12) and (13) represent the 5D null geodesic equations of the metric h AB written in a parametrization that breaks 5D covariance. A 5D massless particle propagation corresponds to a 4D massive particle propagation.
The 5D manifold has a killing field ξ A = (0, 0, 0, 0, 1) due to the invariance of the metrich AB to translations along x 5 . Thus, there is a conserved quantity along a 5D null geodesic
withσ being the affine parameter of the 5D null geodesic.m can be thought as the fifth component of the 5D photon's 5-momentum. We associate the existence ofm to the fact that the passive mass is a constant of motion in 4D Classical Mechanics.
Statistical Mechanics
We now assume that the metric h AB is independent of x 0 . Following the same steps of the foliation along x 5 , we parameterize the 5D metric similar to the Kaluza-Klein form
where µ, ν, ... = 1, 2, 3, 5. We can get the field equations in this parameterization of the 5D metric by the formal substitution A µ → a µ ,G µν →g µν and Φ 2 → −φ 2 in Eqs. (2) . We note that a µ is similar to the electromagnetic field A µ .
We look now for an interpretation of the sum over null paths. The infinitesimal null path element can be written as
Solving (15) in dx 0 and then integrating yields
∆x 0 plays role of action in Statistical Mechanics. Therefore, in this context, x 0 cannot be interpreted as coordinate time. We think of it as physical time, intrinsically related to the propagation phenomenon as mechanical action relates to the particle propagation in Quantum Mechanics. An essential difference from the case of the Quantum Mechanics is the fact that for every observable phenomenon we must have ∆x 0 > 0. Mathematically, we will request that ∆x 0 , as a functional of paths, is bounded from below [17] . This implies that we only have one choice of distance on the foliated 4D manifold [c.f., (16)]
The observable 4D metric in Statistical Mechanics is not G µν , but G µν /φ 2 . φ is unobservable in Statistical Mechanics, as Φ is unobservable in Quantum Mechanics. Denote the 4D projections of the 5D events 1 and 2 to the 4D Rienmannian manifold by 1 4 and 2 4 , respectively. Similar to the case of Quantum Mechanics, the R(2, 1) sum over 5D null paths is equivalent to a sum over paths from 1 4 to 2 4 in a 4D manifold, having a certain length d 
Microcanonical Ensemble of Statistical Mechanics
Event 3 4 is not constrained by causal structure in this case. We define the thermodynamic entropy as
where k B is the Boltzmann constant. We remark that S + (G µν , d) is 4D covariant, and invariant to gauge transformations of a µ .
Canonical Ensemble of Statistical Mechanics
Formally, we introduce the canonical ensemble quite similarly to the case of Quantum Mechanics. However, since d + is bounded from below, a Laplace transform will be more appropriate than a Fourier transform
We expect that Λ −1 denotes a physical concept characterizing thermal equilibrium. We get a selfconsistency relation for k + by applying a Laplace transform on both sides of (17)
Similar to the case of Quantum Mechanics, we can find a noncylindrical transformation of coordinates which is equivalent to a gauge transformation of a ρ . If the points 1 and 2 have the same 4D projection (i.e.,
is invariant to gauge transformations of a ρ . We call a 4D loop a statistical event. By definition, a statistical event indicates Equilibrium Statistical Mechanics. In 5D, the particle is measured at different moments of time 1 and 2 to be at the same 4D position. The definition of the Massieu function for the canonical ensemble is
is 4D covariant, and invariant to gauge transformations of a µ .
We now proceed to make the connection with Feynman's formulation of Statistical Mechanics. We first review shortly Feynman's version [2, 3] . Let's consider a time independent problem of Nonrelativistic Quantum Mechanics. If E a and Φ a are the eigenvalues and the corresponding eigenvectors of the Hamiltonian operator, then the quantum kernel between two points 1 4 and 2 4 (with 2 4 in the future cone of 1 4 ) can be written as
On the other hand, from the traditional formalism of Statistical Mechanics, the canonical density of states for one particle isk
The striking similarity of the last two formulae suggested Feynman that they may come from similar formalisms. We writek ask
where u 2 − u 1 ≡ β . u is a new coordinate with dimension of time and physical meaning of temperature to minus one. It is now easy to guess a path integral formulation for Statistical Mechanics [18] 
There is no doubt that this formulation of Statistical Mechanics holds. However, it turns out to be impossible to understand beyond formal level. Two issues arise. First, the temperature makes a poor coordinate because of the existence of absolute zero which gives a preferred origin. Second, the particular way the above path integral depends on β makes impossible to express a microcanonical ensemble for Statistical Mechanics in terms of path integrals, as we expect. These are the main reasons why a new formulation of Statistical Mechanics in terms of path integrals may be more appropriate. In the remaining of this section, we develop our new theory in the nonrelativistic limit looking for a Schrödinger-like equation that will facilitate physical interpretation.
Consider x 5 = cu; so we build a u coordinate with dimension of time (with physical meaning of mechanical action in Quantum Mechanics). We define a new mass M , for which Λ plays role of Compton wavelength
We use the same 5D metric from Sec. 3.2 where we made the connection with traditional Quantum Mechanics. It corresponds to the situation of weak gravitational field (i.e.,g ij = δ ij ,g 0i = 0, andg 00 = −1 − 2V /(mc 2 ), with |2V /(mc 2 )| ≪ 1). In addition, we assume that the electromagnetic field A µ is also weak (i.e., |qA µ /c 2 | ≪ 1), and Φ ≈ 1. Straightforward calculations in the first order in 2V /(mc 2 ) and qA µ /c 2 yield
We use (19) in the first order of the nonrelativistic expansion (i.e., |d − → x /du| ≪ c) of
We need an interpretation of the nonrelativistic u in terms of the relativistic frame just to clarify what we mean by breaking the 4D covariance in the case of Statistical Mechanics. In the case of Quantum Mechanics, the nonrelativistic time comes from the relativistic coordinate time. The coordinate time takes the place of proper time under the assumption that, in the nonrelativistic limit, it makes a good parameter of the time-like path we consider. The nonrelativistic approximation (i.e., |d − → x /dt| ≪ c) may hold everywhere along a quantum event, with the exception of the special point when the path in the future light cone is continued by path in the past light cone. A similar interpretation of the nonrelativistic u for Statistical Mechanics is not appropriate because the nonrelativistic approximation would not hold everywhere along a statistical event (there are no causal cones in this case). This calls for a different interpretation of the nonrelativistic u. The nonrelativistic u comes from the relativistic proper time of the statistical events. We consider the proper time u ′ of a statistical event to go along every loop from u
. By breaking 4D covariance in the Riemannian manifold we understand changing the coordinates from ( − → x , cu) to ( − → x , cu ′ ). This transformation opens 4D loops into 3D loops and makes it possible for the nonrelativistic approximation (i.e., |d − → x /du ′ | ≪ c) to hold everywhere for some statistical events. We give the nonrelativistic u the physical meaning of the proper time u ′ which for our Statistical Mechanics has interpretation of physical time. The nonrelativistic approximation of the canonical sum over paths k + is
where
k + is the propagator of a Schrödinger-like equation
In order to make the physical interpretation of Λ transparent, let us consider (21) in the case where
We interpret (22) as a Fokker-Planck equation for Brownian motion which is the microscopical substrate of Thermodynamics. Therefore, Λ = 2D/c, where D is the diffusion constant of the Brownian motion [19] . The theory of Brownian motion predicts D = 1/(βζ), where ζ is a drag coefficient (i.e., from a friction force F f = −ζ dx/du in the Langevin equation; see for example [20] ). The drag coefficient ζ can also be writen as ζ = mγ, where γ is called friction constant, and γ −1 is called friction time. Combining D = 1/(βζ) and Λ = 2D/c yields
We know from the traditional Statistical Mechanics that the concept of temperature (i.e., β), and not the one of diffusion (i.e., βζ) characterizes thermal equilibrium. Therefore, for a specific canonical ensemble, ζ must be a constant [21] . From (18) and (23) we get an explicit expression for the mass M of a quantum particle described by Eq. (21)
We consider (21) not only for the canonical path integral but also for wavefunctions. For particles described by such wavefunctions, the initial and final positions of propagation always coincide. A measurement of position yields one of the eigenvalues of the position operator. The probability of measuring such an eigenvalue is given by the coefficient of the corresponding eigenvector in the expansion of the wavefunction in the position eigenbasis. (Only wavefunctions with all such coefficients positive are given physical meaning as corresponding to physical particles.) The wavefunction is reduced in the process of measurement such that, after the measurement, it equals the eigenvector corresponding to the measured eigenvalue. Brownian motion can be thought as a set of such measurements in which the particle is perturbed by the measurement process. A space-time diagram of Brownian motion is depicted in Fig. 2 . Since space-time diagrams do not belong to quantum physics, but rather to its classical limit (where quantum fluctuations tend to zero), this picture corresponds to the limit of small temperatures. The universe line has vertical segments (solid lines) corresponding to the particle propagation interrupted by horizontal segments (dotted lines) corresponding to the disturbance of the measurements. Alternatively, one can also consider the Newtonian Mechanics picture provided by the Langevin equation, which delivers the same physics in a different representation.
We now return to (21) in the case where all operators in the RHS are u independent. The propagator of the differential equation between 1 4 = ( − → x , 0) and 2 4 = ( − → x , u) can be written as
resembling the setup of the traditional Statistical Mechanics. One essential question remains. We have to find a physical interpretation of u in terms of 4D experimentally accessible quantities. None of the results of the traditional Statistical Mechanics contains a mysterious u parameter. The fact that we assumed now that the operators in the RHS of (21) are u independent implies that the statistical particle has a well-defined mechanical mass. How do we measure u for such a physical system under the conditions that we cannot perceive the fifth coordinate? Our answer is that u has to be proportional with the momentum along the fifth coordinate u ∼ m [22]. We can get m by measuring the mass of the whole thermodynamical ensemble as if it were a single mechanical particle and then divide by the number of particles in the ensemble. This is justified by the fact that an ensemble of N particles propagating a distance u along the fifth coordinate is equivalent, in terms of suitably defined observables, to a single particle propagating a distance N u (Ergodic Principle). Since u has meaning of physical time, playing role of action in Statistical Mechanics, we request u to be quantized (mechanical action is thought to be quantized in Quantum Mechanics). We postulate that for the nonrelativistic limit of our Statistical Mechanics, a quanta of physical time is double the friction time [23] u = 2m/ζ = 2/γ.
Consider the case of a particle propagating a single quanta of physical time. (The case of many quanta propagation can be reduced to this using the Ergodic Principle.) In the case where V , − → A and A 0 all vanish, e a and E a scale with M c 2 and mc 2 , respectively, and we obtain e a u/ = E a β, which shows equivalence between our new formulation of Statistical Mechanics and Feynman's, for an ensemble of free particles. In the case where V , − → A and A 0 depend only on the elementary charge e, Planck's constant , and the speed of light c, and no other energy scale than M c 2 is introduced by additional dimesional constants, we always have that e a u/ ∝ β.
The most important contribution to the canonical sum over paths is given by paths with local minimum length. These trajectories can be interpreted in the context of a new 4D mechanics which we call Zero Kelvin Mechanics. This formalism would eventually prove to be a useful approximation in the limit Λ → 0. The fundamental equation of this mechanics is
where d + is given by (16). The corresponding Lagrangian is
The extremum condition of the propagation time between two points in space is known to physics as the Fermat Principle, which is the founding principle of the Geometrical Optics. We can get the geometrical physics of light rays from the generalized Fermat Principle (25) if we remember that photons satisfy dx 5 = 0, and also demand Q = 0. [qA 0 = 0 and a 5 = 0 imply Q = 0.] The Euler-Lagrange equation of the Lagrangian l + with the parametrization dτ = G µν dx µ dx ν iṡ
where▽ µ is the covariant derivative of the metricG µν , and f σρ = ∂ σ a ρ − ∂ ρ a σ . Rewriting (15) as
we have Eqs. (26) and (27) representing the 5D null geodesic equations in a parametrization that breaks 5D covariance. From the fact that the 5D manifold has a killing field Ξ A = (1, 0, 0, 0, 0) due to the invariance of the metric to translations along x 0 , there is a conserved quantity along the 5D null geodesic
withσ being the affine parameter of the 5D null geodesic ofh AB . The existence ofM as constant of motion corresponds to the fact that M (i.e. the Kelvin temperature) is a constant of motion in the classical limit of the canonical ensemble of Statistical Mechanics. In contrast to traditional mechanics, this theory does not have causal cones. Besides the nonrelativistic approximation (i.e., |d − → x /du| ≪ c), corresponding to particle close to being at rest, we can consider a superrelativistic approximation (i.e., |d − → x /du| ≫ c) for particles in the relativistic domain of the traditional mechanics [24] .
The Klein-Gordon Equation
In this section, we investigate the problem of counting 5D null paths for the metric h AB = diag (−1, 1, 1, 1, 1) . First, we generalize the sum over 5D null paths to a sum over 5D paths with a certain length D
Second, we perform a Wick rotation of the time coordinate x 0 → ix 0 . This eliminates the causal structure of the 5D Lorentzian manifold and transforms it into a 5D Rienmannian manifold. Third, we perform a Laplace transform of the path integral R(D, 2, 1) with respect to D
K satisfies the following selfconsistency relation [25]
We can derive a differential equation for the canonical propagator K(L −1 , 2, 1) using (28) for two points 2 and 3 very close to each other (i.e., 2 ≡ x A and 3 ≡ x A − η A , with η A small)
We expand K(L −1 , x A − η A , 1) in series with respect to η A up to the second order, and we remark that the linear term in η A vanishes by integration. We get
We choose the normalization constant 
where η µν = diag (−1, 1, 1, 1 ). Finally, a Fourier transformation with respect to x 5 yields the Klein-Gordon equation
The Klein-Gordon equation is obtained in the literature from a Lagrangian quadratic in dx µ /dτ [1, 26] , which does not have a geometrical meaning.
6 Local Structure of the 5D Space-Time. 5D Special Relativity
The 5D space-time has the status of a space-time in General Relativity. In the case of Quantum Mechanics, the relation between the local 5D causality and local 4D causality is given in Fig. 3 . Only events on the surface of the same 5D causal cone can be connected by a classical trajectory. The surface of the local 5D causal cone is isomorphic with a de Sitter space-time with zero cosmological constant. Projected in four dimensions, it becomes the surface and the interior of the 4D local causal cone. Every point on the surface of the local 4D cone corresponds to one point on the surface of the local 5D cone, while every point inside the local 4D cone corresponds to two points on the surface of the local 5D cone. A succession of 4D events inside the local 4D cone corresponds to a succession of 5D events on the surface of the local 5D cone with ∆x 5 being either positive or negative (i.e., positive or negative particle mass). The local geometry of the 5D space-time is Minkovski-like and its local isometry group is O(4,1). This group is known as the de Sitter group or, for other purposes, as the quantum number group of the hydrogen atom. The irreducible representations of O(4,1) have been completely classified [27] . O(4,1) can be described by SO(4,1) and three discrete transformations: parity (i.e. P, transforms − → x → − − → x ), time reversal (i.e. T, transforms x 0 → −x 0 ) and C transforming x 5 → −x 5 . Applying C in the context of Quantum Mechanics corresponds to changing the direction of foliation from x 5 to −x 5 which is equivalent to changing the sign of the shift of the foliation
2 . Therefore, C is equivalent to a specific charge conjugation q → −q. C can also be thought as leaving q unchanged, instead transforming the mass m of the quantum particle to −m.
The foliated physical interpretation breaks the O(4,1) symmetry in O(3,1) U(1) for Quantum Mechanics, and in O(4) U(1) for Statistical Mechanics. In contrast with the symmetry breaking in Quantum Field Theory, this is not a proper physical phenomenon, instead it is due to the perception of the observer who takes measurements.
It is both natural and useful to introduce a special relativity for the 5D Optics. Since this requests a 5D Minkovski-like metric, there is no gravitational or electromagnetic interaction in this theory. The only type of interaction is collision. There are two types of particles in 4D special relativity: photons with null 4-momentum, and massive particles with 4-momentum of magnitude mc. In this theory, we only have 5D photons (i.e., on-shell particles) with null 5-momentum
We postulate conservation of 5-momentum in a collision process. As an example of a phenomenon that gains understanding from these considerations, consider a particle-antiparticle pair creation γ → X +X. (We ignore effects related to the charges and the spins of the particles.) A 4D photon γ with wavevector − → k and energy ω collides with another 4D photon with arbitrary small energy. Conservation of 5-momentum writes
Therefore, we get mX = −m X , and the conservation of 4-momentum. After collision, the 4D photons are perceived in four dimensions as a particle-antiparticle pair (see Fig. 4 ). This rotation of a 4D photon pair into a particle-antiparticle pair cannot be described in the context of Quantum Mechanics because it implies a noncylindrical transformation of coordinates. In 5D Special Relativity, these transformations contain either a boost along x 5 or a rotation of x 5 .
For the 5D flat metric, both the quantum and the statistical interpretations are valid. For a particle with well defined mass, at thermodynamical equilibrium (i.e., macroscopically at rest), we can write the 5-momentum in two equivalent forms
If we believe that Eqs. (29) and (30) represent different images of the same 5D reality, we have
We remark that the local transformation group that leaves this picture intact is the group of spatial rotations O(3), because of the covariance breaking in Quantum and Statistical Mechanics. Equation (32) can be interpreted in the following way. Assume we have a particle macroscopically at rest subject to periodic measurements. It is ambiguous whether what we measure are the quantum fluctuations of a particle of passive mass m, or the Brownian motion of a particle at temperature T . If many particles of mass m formed a canonical statistical ensemble, it would have temperature T ∝ ζ/(2mk B ) [c.f., (32)]. However, 5D Special Relativity being a classical limit, this relation holds only as m → ∞ and T → 0.
where p z is the momentum along the z-direction and constant of motion in this ultrarelativistic approxima
A Conformal Transformation of The Field Equations
We start with the observation that F µν is invariant to a conformal transformation of the 4D metric. That isF µν = F µν . Therefore, T 
where w ν is an arbitrary form. Using (35), the conformally transformed scalar equation becomes Φ + 2 Φg µν (▽ µ Φ)(▽ ν Φ) = q 2 4c 2 Φ 3F µνF µν .
We substitute the covariant derivative (35) in the Maxwell equations. This yields that the Maxwell equations are invariant to the conformal transformation of the 4D metric. For the transformation of the Einstein tensor, we use well-known transformation formula formulae for the Ricci tensor and the curvature scalar (see for example Appendix D of [9] )
We substitute the above expression in the Einstein equations, and get that the sources of gravitational field separate into electromagnetic sources and Φ-sources. Transforming the tensor representing the Φ-sources, T Φ µν (Φ), yields the formula presented in text. Taking the trace ofT Φ µν (Φ), we arrange the scalar equation (36) as given by (2).
[6] Consider two massive bodies A and B, with corresponding masses m A and m B , subject to mutual gravitational interaction. In the frame of A, m A appears as active mass, and m B appears as passive mass. A acts on B with a gravitational force − → F AB . In the frame of B, m B appears as active mass, and m A appears as passive mass. B acts on A with a gravitational force − → F BA . In the context of Newtonian Mechanics, − → F AB and − → F BA form an action-reaction pair. In the context of General Relativity, a relation between − → F AB and − → F BA is not meaningful, since they are forces in different frames.
[28] As an example, consider the case where V = 0 and A 0 describes an electric field perpendicular to the z-direction and periodic in time. Using the time-dependent perturbation theory of the Schrödinger equation, one can show that the kinetic energy of the ultrarelativitic particle along the direction of the electric field has a diffusive spread proportional with the square amplitude of the electric field. In the terms of particle beam physics, this is a defocusing phenomenon of an ultrarelativistic particle beam. 
